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ABSTRACT 
Numerical calculations at zero Prandtl number for 
thermally driven flows in sl1allow cavities are carried 
out over a range of Grashof numbers Gr and aspect ratios· 
L. In al 1 cases the motion is generated by a 1 ate ral 
temperature gradient. ~lost of the calculations are 
concerned with a description o-f the developrnent o-f the 
mul t·icel 1 ular 
bifurcation 
Gr > 8000. 
fun ct i 011 · o-f 
state 
from 
wl1.ich • arises 
the single ro 11 
as an imperfect 
solutio11 \vhen 
Determination of the number of 1~01 1 s 
' 
as a 
. 
1S made -f O 1~ the fully developed L, 
supercritical state when Gr>> 8000. 
A 11 a 1 ')' s e s of t h e s t1 p e 1~ c r i t i c a 1 f tl 1 1 y d e v e 1 o p e d c e 1 1 
structu1~e a1~e also per·forrnecl. T 11 i s st 1~ u ct LI 1~ e i s f o u n cl 
to be i11viscid a11d an arJp1~opriate· forrnulatio11 fo1~ tl1e 
vorticity distribution \vithi11 tl1e cell is obtained. 'rhe 
vorticit.y law p1~ovides a suitable gene1~alization of the 
classical 
body 
~ 
.f.o.r~.c es abse 11t. l::>e t \v'e e 11 Ag 1~e erne 11 t a1~e 
theor·et i cal 
exce 11 e11t . 
p 1~ e d i ct i o 11 and t 11 e 11 urn e r i c a 1 exp e r~ i rn e n ts 
1 
• 
lS 
l':.J 
., 
• 
1) 
r--·- ----,, 
,- .. 
' 
Introduction 
... 
• • • Thermally driven flows 1n shallow cavities arise 1n 
appl i-cat ions including preparation of many practical 
semi-conductor materials, convection . 1n the earth's 
mantle, atmospheric circulations and the dispersion o-f 
pollutants in estuaries. These -flows are such that the 
applied thermal gradient is not aligned with the gravity 
vector. A typical geometry • lS shown in -figure 1 • 1n 
which the vertical end walls are maintained at fixed but 
distinct temper·atures. Clearly most practical 
applications do not have rectangular boundaries, but 
this probJem is a very useful characteristic example. 
For two dimensional flows of this type, the 
solution depends on three basic parameters: the Grasho-f 
number Gr which represents the ratio of buoyancy effects 
to viscous diffusion, the Prandtl number a which is the 
ratio of the viscous and thermal diffusivities, and the 
cavity · ~spect r·atio L (length/depth). ~1uch nurner·ic:al 
work has been done on flows with Gr>> 1 but with both 
L and a o-f 0(1) (Quon 1972, \"i11ters 1988, Haldenwang & 
Labross 1986). Analyses based on G1~ >> 1 r1ave also 
been carried out 
Simpkins ( 1983) 
by G i 11 
and . by 
(1966), Blythe, Daniels & 
numerous other authors. 
Exp~rimental investigations, with > 0(1) have been 
0 
undertal<en by Elder (1965) and by Simpl<ins & Dudderar 
(1981). " A 'U~eful sumn1a1~y of the current state o-f some 
o-f this research is given in Simpkins (1988). 
·The present investigation arose from a study ,of 
melt -flows in which the Prandtl number a<< 1 and the 
2 
~ 
. ' 
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J;'.i.gure 1. Tl1e cavity geometry and notation. 
., 
.I 
i • 
aspect ratio L >> 1. Shallow cavity flows were 
considered in detail by Cormack, Leal & Imberger (1974) 
(see also Hart 1983b). Specific results for 
were obtained by Hart (1983a) and by Daniels, 
Simpkins (1987) (hereafter referred to as DBS). 
<< 
Blythe 
1 
& 
As L -+ oo it can be expected that the core flow, 
of a away from the cavity end walls, • lS comprised 
stratified parallel shear flow driven by a constant 
thermal gradient (Cormacl< et al. 1974). This lirnit 
corresponds to the standard Had 1 ey c i rcu 1 at ion and the 
solution for the cavity problem is completed by the 
additio11 of appropriate passive 
end wal 1 s. ~tatl1emat i cal ly the 
with the limit 
turn i 11g zo11es near the 
ana.lysis is associated 
L -+ oo at fixed Grh and~ ( 1 . 1) 
where Grh is a Grashof number based on the cavity depth. 
At larger values of Grh, spec·ifically when Grh ~ O(L), a 
further important limit arises defined by 
L -+ oo at fixed • 
This problem was discussed in DBS and 
calculations had been made earlier by Hart 
( 1 . 2) 
sorne r·elated 
( 1 9 8 :3 b ) . I 11 
this limit, the flow in the core still apears to be a 
parallel shear flow, witl1 a fixed temperature gr·adient 
but the end structures, governed by the full Boussinesq 
equations, are now strongly non-linear. Calculations 
indicate that the end structure is consistent with a 
parallel flow core if 
• 
0. 12 • (1.3) 
4 
... ,,.-.. ,. -
.. 
I 
For (J' < (J'c 
' 
however, 'it can be established that the end 
structure dominates t·he cor.e behavior when 
where 
• 
(see -figure 
calculations 
picture and 
i n st ab i 1 i t i e s ·, 
Gr > 
Grc(O) 8000 
2, DBS 1987, -figure 6) . 
(Drummond & l(orpe·l a, 1985) 
indicate that, . prior 
( 1. 4) 
(1.5) 
Numerical 
con-firnf' this 
to temporal 
the core approaches a fully developed 
multicellular state which is almost spatially periodic. 
investigation described in this thesis . 1S 
concerned with some nun1erical and analytical st.udies of 
the supercritical state defined by 
restricted to tl1e special case 
tr a11 sit i o 11 (imperfect bifurcation) 
(1.4). Attent i 011 . lS 
(J 0 for wl1ich a 
to a multicell11lar 
state can be expected for Gr> 8000. 
Numerical calculations have been used to obtain the 
bifurcation diagram, which predicts the number o-f cells 
as a fu11ction of L, for fully cleveloped supercritical 
f 1 O\vS. In addition, the structure of the cells has also 
bee11 foL1nd for tl1e ful 1~1 develo1)ed state. Tl1e latter 
invest i gat i 011 1 ed to an extens i ()11 of the we 11 k:n<Jw11 
Prandtl-Batchelor theorem for the vorticity distribution 
in closed eddies. Tl1e analysis and the compL1tat i anal 
experiments are found to be in close agreement. 
1'11e 11ew data on the bifurcation diagram is of 
conside1~able practical importance. In crystal growth 
experiments it has been -found (Parsey 1988) that the 
onset o-f a multicellular state leads to a degradation of 
the -finished material. Consequently, prediction of the 
5 
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Figure 2. 
-
0.1 
u 
Critical Grashof nu1nber Gr as a function of 
C 
P r a n d t l nu n1 be r . 
'· 
• 
6 
• 
.. 
number and • size of the . "· convective cells • lS re 1 evant to 
furnace design used in the preparation of semi-conductor 
p 
materials . 
(J" << 1 ~ 
These materials are usually characterized by 
A description of the basic equations . . 1s given in §2. 
Classical shallow cavity theory is discussed in §3. The 
zero Pra11dtl number 1·imit is described in §4. Suitable 
numerical algorithms, and their implementatio·n, are 
outlined in §5. Results of the numerical calculations 
for the streamlines and the vorticity distribution are 
presented i 11 §6. The bifurcation diagram is also shown 
in §6. Analysis of strongly st1percritical flows is given 
in §7, a11d tl1e consequences for tl1e eel 1 structure are 
studied in §8. 
.I 
, .... , ... 
7 
,, 
I 
• 
i 
I 
2) Governing Equations (Boussinesq Approximation) 
·Two dimensional flows in a rectanglar cavity of 
length 1 and depth h are generated .by an applied 
horizontal temperature gradient. The vertical end walls 
of the cavity, maintained at fixed distinct 
temperatures, are parallel with the gravity vector. 
Using the Boussinesq approximation and neglecting 
viscous dissipation the governing vorticity and energy 
equations can be written respectively as 
-4- R oT 1 o(V21/J,1/J) (2.1) V VJ -
' ox a- o(x,z) 
-2- o(T,VJ) (2.2) VT 8(x,z) ' 
where the velocity compo11ents 
(u,w) ( 01/,J oz' - 8VJ) ox ' 
the vorticity 
-( (2.3) 
and 2 V . lS the Laplacia11 
Tl1e 
ope r·a,to r . 111 c a r-- t e s i ar1 
coo rd i 11ates ( X , Z) . c C) o r· d i 11 at e s are rnade 
di rnens i 011 less with .1~espect to the cavity height h, a11d 
their . . 01~1g1n . 1S at bottom of tl1e cold wall X = 0. 
For the dependent variables the st ream function • lS 
made dimensionless with respect to the thermal 
diffusivity and the temperature T is measured relative 
to its valwe on the cold wall and is non-dimensionalized 
8 
... 
·' 
" 
.... _.' 
with respect to .. the temperature difference 
across the cavity. 
In (2.1) 
R 
is the Rayleigh number and 
(J' V 
K, 
Ll.T1 applied 
(2.4) 
(2.5) 
. 
1S the Prandtl number. Here V . 1S the kinematic 
viscosity, /3 is the coeffici·ent of thermal . expansion, g 
is the acceleration due ·to gravity and ~rr' . 1S the 
temperature difference across the cavity. Fo1., all flows 
~onsidered in this thesis the horizontal boundaries are 
adial::>atic (tl1ermally insulated). I n add i t i on de n s i t y 
changes in the fluid are considered important since they 
affect buo}1 anC:'l· All otl1er physical prope1~ties o-f the 
fluid are considered constant. 
Corresponding boundary conditions are: 
81/) 
ox 
f),lj) 
ox 
T 
0 
0 
' 
T = · 1 
t, . 
on X 0 
' 
on X L 
' 
where the aspect ratio of the cavity is L 
In addition 
-
1P 8T oz 0 on z 0, z 
(2.6) 
(2.7) 
l/h. 
1 
•• 
(2. 8) 
. Gill (1966) observed that the governing equation:;3 and 
.boundary conditions possess th~ centrosymmetric 
• 
\; 
g ' 
,. 
prope rt i 'es: 
'lj.;(x,z; L,R,o-) 
T(x,z; L,R,o-) 
I~ 
7/'(L-x, 1-z· 
' 
L,R,o-), 
1-T(L-x, 1-z; L,R,o-). 
(2.9) 
(2.10) 
·" 
These flows are governed by the dimensionless parameters 
L, R and a. 
the limit 
Shallow cavity structures associated with 
L -+ oo are discussed in section 3. 
10 
l I . 
.. 
3) Shallow Cavity Structure 
For IJ -+ oo it is convenient to introduce a modifie·d 
Rayleigh number ,, 
R 
L ' 
and a Grashof number 
Gr -
(see DBS, 1987). 
( 3. 1) 
) 
_, 
(3.2) 
Appropriate dependent variables in the core, of the 
cavity are defined by 
-
1jJ - R11/J ( ~ , z ; 
T - T(~,z; 
with 
~ - X - L ' 
z - z - • 
Gr, 
Gr, 
(J", L) 
a, L), ' (3.3) 
(3.4) 
The governing equations (2.1) and (2.2) now appear as 
and 
8T 
a~ + 
Gr 
L 
11 
8(~, z) ' (3.5) 
• (3.6) 
-
As discussed • 1n DBS (1987) suitable core . expansions, 
valid away from the cavity end walls, are 
7/;(~,z; Gr,a,L) 7/; 0 (~,z; Gr,a) 
+ t ~1 (~,z; Gr,u) + • • • (3.7) 
with a similar expans·ion for the temperature, T.,. 
Solutions based on the • expansion (3.7) are required to 
satisfy the boundary conditions (2.8). 
It is easily established fron1 equation (3.5) and 
( 3 . 6 ) t h at t 11 e z e 1~ o t 11 o 1~ d e r so 1 u t i on h as t 11 e f' o l" rn 
7Po 
T 0 = B 0 (() 
Bo~i() z2(1-z)2 
Note that centro-symmetry requires 
(see 2.10). 
(3.8) 
Sirnilarly the first order solution can be shown to 
be given by 
and 
' 2 -o-Gr~(B 0 ) 
240 
(3. 10) 
12 
.. 
" -
-
- I>, 
,-
( 3. 11) 
where 
I d. __.. d.(~) 
1 1 _( 3. 12) 
are odd functions of ~-
(3.10) requires 
.Centro-symmetry applied to 
aGr (B ') 2 
720 ° 
but applicatio11 to (3.11) irnplies that. 
• 
Hence (since B0 1 # OJ 
B 0 11 (() - 0 , 
or using (3.9), 
B0 - b + (1-2b)~ 
' 
( 3. 13) 
( 3. 14) 
( 3. 15) 
Det~rmination of b requires examination of the end 
structu1~es. Tl-1ese end 1~egions are app1~oximat,ely sql1are 
(see DBS(l987)) a11d the relevant i ndepende11t var i ab 1 es 
• 
are (x,z). Co11sequently, i11 ter·ms of' G1~, a and L tl1e 
governing equations 
and 
v741!' _ L 8T 
. ox 
( 2 . 1) a11d ( 2 . 2) becorne 
(3. 16) 
13 
) 
'i 
, 
where here 
u Gr a(T,1/J) 
8(x,z) ' 
1/J(x,z; Gr, u, L) etc. 
(3. 1 7) 
From (3.16) it is seen that the dominant approximation 
(as L -+ oo) satisfies 
Since T 
8T 
ox 0 • 
0 on x - 0, this implies that 
T - o(l) ( 3. 18) 
in the end zone near x - 0. ~'1atching with (3.15) tl1en 
b - 0 
or 
Bo - ~ . (3. 19) 
Furtl1er-- appl i cat, ions of these argurne11ts show that the 
procedure leads to the exact parallel flow solution 
where 
· and 
F(z) -
,,j; = C(Gr, a; L) F1 (z) 
T = ~ + (~-1)C + taGrC2 F(z) 
C 1 + tc1 (Gr, u) + 
1 
240 
14 
• • • • 
' 
(3.20) 
' 
(3.21) 
(3.22) 
. ' 
In general, the constant C1 must be determined through 
numerical · solutions o-f the end-zone equat i.ons (see Hart 
1983b). 
The above structure occurs only i-f the end regions have 
solutions consistent with a parallel flow· core· as 
X --+ 00. Within the end zone, 
dependent variables are 
¢(x,z; Gr, CY, L) 
tecx,z; Gr, CY, L) ' • 
using (3.18) 
' 
suitable 
(3.23) 
Consequently, (3.16) and (3.17) retain their full forms 
v4¢ - ae 
ox 
v2 e CYGr 
8(V2 ¢,¢) 
Gr o( . 
8(8,¢) 
8(x,z) · 
x,z) 
These equations must satisfy 
8¢ 0 ox 
8¢ ae 0 - -- ox - oz 
' 
· ( 3 . 24) 
on X - 0 -
' 
- 0, 1 on z -- • 
Since the solutions for ¢,8 must match with the core 
behavior, it is necessary that 
~ CF' (z) F1 (z) + 0 ( l) (3.26) 
and 
(} ~ X X + Boo(z; CYGr) + oct) (3.27) 
,, 
15 
/ 
.. 
In general, neglecting terms· O([), the approach to these 
asymptotic limits has the form 
_ -a(a, Gr)x 
¢00 (z; a, Gr)e (3.28) 
Consistency with the core structue, however, . requires 
that there exists a triply infinite set of eigenvalues a 
0 
such that Re (a) > 0 . 
is satisfied if 
As shown in DBS this requirement 
.. 
0. 12 • (3.29) 
For a> ac a critical value of a exists, at which 
Re(a) 0 Gr 
' 
(3.30) 
. ' 
where a complex conjugate pair of eigenvalues bifurcate 
to form four . . 1mag111a1~y roots. This spatial oscillation 
. 
1S t,hen forced OI1 the core -flow as an irnperfect 
bifurcation driven by the end structure. A plot of the 
c r i t i ca 1 G r~ as 11 of r1 urn be 1~ • • 1s given in figure ( 2) ' (see 
DBS, figure 6) . At 0, Grc ~ 8000 which . lS • 1n 
reasonable agreement with related calculations carried 
out by Hart(1972). 
16 
I, ) 
.,, 
,. 
.,. .. 
... 
4) The limit u 0 
As noted 
-for u _., 0.12. 
• 1n §3 spatial oscillations can arise only 
Consequently, solutions for small Prandtl 
number are particularly relevant to the analysis of the 
imperfect bifurcation. 
For Gr > G-rc it appears that the lateral spatial 
variation, even in the core, must be based on the depth 
scale h (see 3.28 where x is based on h). 
dependent variables are now written 
T 
where 
(x,z) 
R1~(x,z; Gr, u, L), 
T(x,z; Gr, u, L), 
(x,z) • 
Suit.able 
(4.1) 
(4.2) 
The governing equations are described by (3.16) and 
(3.17) with (x,z) replaced by (x,z). 
From ( 3. 1 7) , u -t O, it appear--s that 
o. 
For the~boundary co11d it i 011s (2. 6) 
that the relevant solution is 
T X L • 
Hence (3.16) reduces to 
which defines 
17 
(4.3) 
( 2 . 8 ) i t i s c~ 1 e a r· 
(4.4) 
1 
' 
(4.5) 
,, 
• 
•. 
:'i 
1/J(x,z; Gr, (]'' L) • (4.6) 
The remainder o-f the thesis is devoted to the solution 
of (4.5) ~ubject to the boundary conditions 
~ 81/; 0 on X - 0, L ox - ' (4.7) 81/) 0 on z - O, 1 oz - • 
f 
18 
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5) NUMERICAL.PROCEDURE 
In obtaining numerical solutions it was convenient 
to find the steady state as a limit of the time 
dependent equations Roache(1972) 
1 
' 
. 
where 
( 
.. 
is the vorticity. The convective operator 
D 
Dt 
a + 8(( ,1/J) 
at 8(x,z) • 
Actual time steps however, were based on a scale 
' 
so that (5.1) was written 
wher·e 
V2 ( - a( - Gr J((,~) at 
J((,1/J) 8((' 1/;) fJ(x,z) 
is the standard Jacobian notation. 
1 
(5.1) 
(5.2) 
(5.3) 
(5.4) 
(5.5) 
(5.6) 
Note that the use of a time-dependent approach does not 
assume the existence of a steady state so 1 ut ion. The 
numerical scheme used to solve (5.5) and (5.2) is 
described below . 
· 19 
·,. 
I 
• I 
The Du-fort and Franke 1 leapfrog method, which • lS 
given in Roache (1972), is applied to .. the diffusion and 
time derivative terms of equation (5.5). Using this 
method removes a diffusion restriction on the time step, 
which will be discussed shortly. It has been mentioned 
by Jones (19.79) that for the ful 1 Boussinesq equations 
there can be inaccuracies in the· Dufort-Frankel method 
at 1 ow Prandt 1 numbe-rs, but testing of this method by 
Drummond ( 1981) has shown that this need not be a 
concern f~r the present class of problems. Furthermo1~e, 
in tl1e particula1~ case 0 the energy equation . lS 
replaced by the simple statement (4.4). 
The Dufort and Franl<el finite difference scheme for 
the diffusion equation 
appears as 
8( 
at 
(1:+~ - (1:-~ 
1,J 1,J 
2~t 
+ 
' 
(5.6) 
(i , j + 1 + (n .. n+l -n-1 i,j-1 - ~i,j - ~i,j 
(5.7) 
Here ~x and ~z are tl1e uniform gr id . spacings, .the 
.. 
subscript indices (i ,j) represent (x,z) directions and 
·superscripts {n) represent time levels. 
" 
20 
-
,. 
The method of Arakawa (1966) is then used to finite 
• • 
rema1n1ng Jacobian term of equation difference 
(5.5). 
the 
The method has important .conservational 
properties and is recommended for problems involving 
hydrodynamic instabilities. It is easily applied to 
explicit finite difference equations. Arakawa's·form 
for the finite difference Jacobian in (5.5) prevents 
nonlinear computational instability and thereby permits 
long-term numerical integrations. 
Tl1is method, which is frequently used for the 
inviscid vo1~t.icity tra11sport· equation, is esse11tiallv a 
~ 
two dimensional method . using a 9-point formulation 
i n v o 1 v i n g 11 o d e s s Ll c h as ( i + 1 , j - 1 ) et c . 'T' h i s r· e s u 1 t) f o 1~ 
the Jacobian satisfies J((,f) .J ( 'lj,1 , ( ) a r1 cJ c o r1 s e 1~ v e s 
mean square vorticity and mean l<i-netic energy. 
referred to as the advective form. 
From Arakawa it follows that 
J .. ((,1/J) 
l 'J 
1 * 12~x~z 
It • 1S 
• 
+ ( VJ· 1· . 1 + ¢· . 1 - VJ· 1 . 1 - VJ· . ) (( .. -(. 1 ·) 1- ,J- 1 ,J- 1- ,J+ 1 ,J+l 1 ,J 1-· ,J 
+ 
·+ 
+ (VJ. . 1 1 'J - 1P· 1· ·)((.·. 1- ,J l,J 
21 
( • ·1· . . 1) 
l - 'J -
.~ 
.~-
., . 
, 
+ (l/J· . 1 - lp• 1 ·)((. 1 . 1 - (. ·) 
·- !_ ,.J + 1 - ' J 1 - ' J + 11 1 ' J 
+ 1P· . 1) ((· . - (· 1 . 1) . l ,J- 1,J 1+ ,.J- (5.8) 
Fi.nally the Poisson equation (5.2) -for • lS 
integrated using the -fast Poisson solver algorithm 
designed by Swarztrauber & Sweet (1977). This algorithm 
handles a large class of elliptic equations rapidly and 
with minimal storage. It is basically an implementation 
of tl1e Bu11eman algor--it.I1rn a11d ·its extensions via the 
capacitance rnatrix approach (Bt1zbee 1970). 
The computational procedure -for a single time step 
• 
lS s i rn i 1 ar to an explicit f:ormulatior1 where the 
. 
vo1~ticity field alo11g witl1 vo1~ticity bou11dary nodes . lS 
calcualted fir--st. TI1e next step is u pda ti 11g the st rearn 
-f u 11 ct i o 11 f i e 1 d s a 11 d -f i n a 1 1 y t 11 e bour1clar'y values o-f the 
.... 
stream function. Tl1 is p1~oced u re . 1S co11c 1 uded 
comparison of stream function fields from . successive 
time steps falls below a prescribed tolerance level. 
T\~o thi11gs rnust be conside1~ed when considering 
numerical 
restriction 
1 imi tat io11. 
stability. 
mentioned 
These 
earlier 
are 
and 
the 
the 
finite diff~rencing the 
di f-f tIS i 011 
time step 
di f-f t1s ion· 
equatio11 a typical forrnulation used is the following 
mid-point leapf'rog rnet.hod 
22 
,,., 
8( 
8t ' 
.. 
-
" 
n . (. 1 . 1+ ,J 2 ( n + (n· i,j i-1,j 
2Lit .. (5.9) 
Note that the term "leap-frog" has been apl ied to· many 
methods which di-f-fer • 1n the evaluation of spatial 
derivatives, but which all use the three-level centered 
time-differencing of the presently described method. 
Un-fortunately when this di-f-ferencing method is applied 
to the diffusion equation it gives Richardson's method, 
which . lS unconditionally unstable. A well-known 
explicit method -for removing the diffusion restriction 
• 
lS 
d ~t 
A 2 
u.X 
< 1 2 
the method of Dufort and Franl<el 
' 
(5. 10) 
(1953). 
of 
. The center node value o-f ~I! . 
l ' J 
equation (5.9) • lS replaced by 
in the diffusion term 
its average at time 
( n-1) a11d ( n + 1) , giving 
( n+l ~n-1 . . - ~ . . 
l ' J l ' J 
(11 
i+l,j - ,..n-1 /n+l ~ . . - ', . . l ' J l ' J 
2 
~x 
• (5.11) 
In solving for the vorticity fields the vorticity, 
(1!+~, rnust be solved for explicitly, yielding 
l 'J 
(1!+~ 
l 'J 
.. {t • • 0 
23 
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" 
+ 
+ 
-f- • 
This updated value of vorticity (coded as ZETAN 
is easily solved for explicitly since the values 
(5. 12) 
and (n are l<:nown. 
PSINEW 
The stream function values (coded as 
are then determined using the fast 
Poisson so 1 ve 1~. 
To update vorticity boundary conditions the no-slip 
relations are applied on the vertical w~ll~ • 1 . e . 
u 0, w 0 on x 0 • ( 5. 13) 
Using a Taylor . . series expansion for the st r·eam f u11 ct ion 
• gives 
7/J(l,j) 
and 
7/J(2,j) 
0 
ljJ(0+.6.~ 'j) 
7/J(O,j) + 
a,,/, 
.6.x-'f/ + 
Dxlx=O 
7/J(0+2.6.x,j) = 
1P(O,j) + 2D.x 01P + ox x=O 
t· 
:\ 
. . 
• • I 24 
.. , 
~x2 82 7/J - 3 
2 ·-:=> + 0(.6.x .) , ox~ x=O 
(5.14) 
D.x2 821/J 
+ 0 ( .6.x3 ) 4 2 
8x2 
• 
x=O 
' ' 
' <\~, 
' ~ (5.15) 
• 
. ' . '' ... :··· ·~-
Applying boundary conditions (4.7) 
¢(0,j) - 8¢ 
8xx=0 
- 0. 
and adding (5.14) and (5.15) • gives 
1/J(l,j) + 1/;(2,j) 
which in turn yields 
2 . 
a 1/J 
2 ox x=O 
From. equation (5.2) 
((0,j) 
2 [.1/J ( 1 , j ) + ¢ ( 2 , j ) ] 
5~x 2 
2[1jJ(l,j) + ¢(2,j)J 
2 5~x 
• 
. , 
' 
• 
Similarly for the other boundary vorticity nodes 
((M+1,j) -
( ( i , 0) 
and 
((i,N+l) -
02lp 
2 ox x=L 
2[VJ(M,j) + 1/J(M-1,j)] 
5~x2 
2[1jJ(i,1)·+ ¢(i,2)] 
5~z2 
2[1P(i ,N) + v,(i ,N-1)] 
t5~z 2 
i 
' 
' 
' 
!' 
I 
(5.16) 
( 5. 1 7) 
( 5 . 18) 
(5.19) 
(5.20) 
(5.21) 
where· (~1+1) and (N+l) ar·e the, number of nodes on the 
m·esh i11 tl1e x a11d z dir·ectio11s respectively. Bou11dary 
0 
vorticity was updated with an equation ~xhibiting first 
~· ... , ' • .,: ····, .ol\ 
-,,.~-
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.. 
( 
order accuracy. Overall, equations for the interior 
nodes of the finite difference mesh are second order 
accurate in space and first order in time . 
. For computational numerical stability a modified 
form of the Courant condition is used on the time step 
~t < 
w. . 
1 'J 
~z2 
Gr • + 
u . . 
1 'J 
~x2 
-1 
The computations were initiated either from conditions 
at rest or from estabilished flow fields which were 
calculated from given initial conditions. Eac 11 n e\'V' ti rne 
step was upclated accord i 11g to ~t. A "ramping" technique 
was used for the Grashof number whereby each new flow at 
L 
an increased value of Gr was attainecl by using the flow 
fields from the previous Gr as i11itial conditions. 
tests indicated that initial conditir1s did not 
noticeably affect the steady state results. 
The computations were executed primarily on the 
Cyber-- 850 rnoc1 e 1 180 mainframe 
standarcl FORTRAN 77 comp i 1 e 1~. 
using a NOS/VE ANSI 
Ty p i ca 1 rn es 11 s i z e -for 
most ~, 1 1~u11s was g1~id poir1ts i 11 t 11 e x - d i 1~ e c t i o 11 a 11 d ·· 2 1 
in the z-direction. A full listing of the code . 1S 
located on file in the ~1echa11ical E11gineering/~1ecl1anics 
departme11t 
Blythe. 
at Lehigh University with Dr. 
compared with 
Philip A. 
results -for 
vor·ticity a11d stream functior1 \,ralues (especially at low 
Gr·asl10-f NL1rnber--) were accur--ate to within 5%. /\dd it i 011al 
testing with up to 800 grid points in tl1e x-direct.io11 
exhibited results accurate to within 2%. Comparisons 
were made with results from Drummond & Korpela (1985) to 
verify numerical accuracy . 
..... 
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... DISCUSSION 
The following sections describe the results of the 
numerical experimen~s conducted for the shallow cavity 
problem. The effect of varying the Grashof number, Gr, 
and aspect ratio, L, is demonstrated in contour plots of 
both the streamlines and vorticity. In each figure the 
cold wal 1 is on the left, the hot wal 1 on the right and 
the horizontal boundaries adiabatic. The effect of the 
Grashof number is presented first followed by aspect 
ratio testi11g. I n add i t i o 11 some res u 1 ts" on the re 1 at i on 
between the vorticity and stream function are shown. 
All nume1~ical experiments are based upon equation (4.5) 
where the Prandtl number tertds to zer6 
--+ 0. 
. " 
•. 
n 
,, 
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6) Numerical Results 
At Gr< Grc it is expected that the -flow -field will 
consist o-f a single roll cell.· 
1000, at X L 2' 
• 
IS ·compared 
Data -for 
• 1n -figure 
standard parallel core -flow result in §3. 
L = 10, Gr= 
3 with the 
The agreement 
is within 2%, which provides a useful check on the 
accuracy o-f the numerical procedure. (see also Table 1) 
(Note that the ·anal)-1 tical result is valid -for -finite Gr 
ais L-+ oo.) 
In -figure 4 the e-f-fect o-f increasing Gr is shown 
-for L 
multiple 
10. When Gr > Grc c~ sooo), the onset o-f 
The fully cells becomes clearly visible. 
deve 1 oped structu1~e sets in when 
solutions l1oweve 1---, exist only 
Gr 
for 
21,000. 
Gr < 
Steady 
26,000. 
Corresponding vorticity plots shown in figure 5 clearly 
indicate 
Gr>> Grc 
that 
' 
at 
( 
(within the cells). 
the fully develped state, with 
((1/J) (6.1) 
Analagous results for ·L = 30 are shown in -figures 6 and 
., 
7. Stream fu11ct.ion data for Gr= 21,000, at various L 
are displayed in figure 8. 
The developrnent of the number of rolls, as a 
function of the cavity aspect ratio is shown in figure 
9. For· each case G1~ = 21,000 and the steady flow \.ras 
essentially fully developed. Al tl1ougl1 the eel 1 number 
changes discretely" 
.. . 
(1"oughly one n~\~ eel 1 -for each t,wo 
integer increments i11 L), the data is satisfactorily 
-fitted by 
,1 
n 
' 
... (_ ~ . 2.) 
28 
. .• 
-where n 
poi,nt at 
• 
1s an integer number, of cells. The anamal ous 
L = 10 has been checked and it does appear to 
be a real effect. 
~ . -~ 
' ~' 
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7) The eddy structure, Gr>> 1 
For (J' = 0 the temperature distribution • • 1s given 
by (4.4) and the vorticity equation reduces to (5.1). 
The corresponding unsteady form of the momentum equation 
can be written 
Dq 
Gr Cot + Vp) (7.1) 
where p is tl1e (dimensio11less) pressure, l< is the unit 
vector in the z-direction, and 
q (u, O, w) (7.2) 
is the velocity vector. If 
( X q (0, (, 0) (7.3) 
denotes tl1e vor·t i city vector, tl1en the steady form of 
(7.1) can be re-expressed in the form (see eg. Batchelor 
1956) 
where 
or 
Gr [ VH - q x ( J 
H 1 2 p + -q 2 
kx-\7x( (7.4) 
• (7.5) 
As Gr -+ oo, (7 .4) reduces to the inviscid 1 imit 
VH q X ( (7.6) 
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... 
• 
Hence 
aH 
ax 
oH 
oz 
oz 
OXH 
• 
- w( ' 
u( 
w 
u 
• 
..,: 
' 
so that His constant along a streamline with 
( dH d 1/J • 
(7.7) 
(7.8) 
The 1~esult ( ((1/J) also follows immediately fr·om 
( 5. 5) as Gr -+ oo. 
For general Gr, integration of (7.4) 
streamline . gives 
-· 
, .. 
.,, 
Gr f VH . ds - Gr f (q X () • ds -
f X l< . ds f Vx( ds 
In this 1~elation 
.,.. 
f VH · ds 0, 
1" 
since H is simple valued, and 
f ( q X () ds - 0 
since q x ( is orthogonal to the streamline. 
Consequently 
f V x ( · ds f X k • ds 
54 
along a 
(7.9) 
(7.10) 
(7.11) 
(7. 12) 
. 
,. 
-for all Gr. 
Now· 
.. \7 X ( . ( - 8() l 8z + k ( 8() 
- ox 
t, 
as Gr ---+oo. ,Hence in this limit 
\7 X ( . ds d(( udx + wdz) dlj, 
- d( q ds 
d7j'., • 
It then follows from (7.12) that 
or 
d( 
d7j'., 
fx k · ds 
fq ds 
d( - area inside streamline 
Equation 
d~ circulation around streamline 
(7.16) . . ' 
-A 
I( 
1s an 
• 
extension of the well 
(.7. 13) 
(7. 14) 
(7.15) 
(7.16) 
known 
Prandt l -Batcl1e l or Theorem (Batcl1e 101· 1956) for f 1 ows 
w i tl1out bod~1 for ... ce. I11 the latter case tl1e 1~ight l1and 
side of (7. 16) is zer·o so that 
the eddy. 
( is constant within 
Numerical resu 1 ts for the stream function and 
vorticity dis·tribution at L = 10, Gr = '21,000 are 
shown in figure 10. As noted ear 1 i er, it is apparent 
. that 
Grc. 
( ( ( 1P) inside the convective cells for Gr>> 
Profiles at constant x across the central eddy are· 
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\ 
also shown in -fi'gure 10, which also cQn-firms that 
( = ((1/Y). 
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8) Approximate analysis for th€ eddy structure 
8.1) Circular streamline 
Although the numerical results observed in §§6 and 7 
clearly do 
nevertheless 
not • give • r 1 se to 
informative to 
,. 
circular eddies, it • 1S 
. 
examine the particular 
approximation. For circular streamlines of radius r 
and 
q q (r) d1 dr 
d7jJ 
dr • 
( 8. 1) 
(8.2) 
(The maximum value of¢ occurs at the center r 0.) 
From (7.16) it immediately follows that 
Hence, from (8.2) 
or 
( 
d( 
d7jJ 
d( 
dr 
• J, 
-w 
where . w is the .. value of 
additio11 
( 
so that 
* 
r 
2 
r2 
+ 4 
-
-( 
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+ 
' 
r 
2q • (8.3) 
(8.4) ·-
at the eddy· ce11ter. In 
1 dlp 
r dr 
" 
,. 
+ 
1 d 1/' 
r dr 
r2 
-w + -4 • 
The general solution of (8.5) • 1S 
At the eddy center 
·reduces to 
• 
a + b /nr wr
2 r 2 
4 + 64 
1/Jmax with q 
1Pmax wr
2 r 4 
4 + 64 • 
Combiqing (8.4) and (8~6) yields 
( w -
• 
L. 
(8.5) 
• 
. (8.6) 
0 and (8.6) 
(8. 7) 
(8.8) 
Usi11g the numerically established results for w 
and "Pmax (Gr = 21,000, L = 10) leads to tl1e curve shown 
in -f i gu r·e 11 . Also shown in figure 11 are the raw 
• 
numerical data for the vertical section through the 
center of the cavity. The agreement is reasonably good. 
Note that at the eddy center 
8. 2) 
d( 
cl¢ 
Smal 1 r analysis· 
1 
w • (8.9) 
In this section the exact behavior near the center 
o-f the eddy is desc1~ibed without .a11y a priori assumption 
concerning the shape o-f the streamline. 
.... 
It is assumed that (('l/J) i s an a 1 yt i c at r 0 so 
that \ 
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,._, . 
.. 
• 
((l/J) 
-w + al (l/Jmax - l/J) +· · ·· 
and, from (7.16), 
................ ,.,,:,,.. 
A 
K --+ • 
( 8. 10) 
( 8. 11) 
In general, -for r --+ 0, it can be expected that 
1/,Jmax + b2 ( (}) r2 + ... 
From (7.8), in polar coordinates, 
or 
b '' 2 
+ 
1 81/; 
r 8r 
1 82 7/J 
+ 
r 2 ae2 
-·w .. 
The solution for b 2 can be written 
w 
'2 cos{2 ( B-b)} - -4 ' 
( 
whe 1---e 
'2 a11d are arbitrary constants. 
discussio11 it is convenient to rr1easure (} 
to o 1---
, 2 cos28 - 4 • 
• ( 8. 12) 
( 8. 13) 
( 8. 14) 
For ease of 
w i tl1 1~espect 
(8.15) 
Co11seque11t 1 y, the 1 ead i 11g approximation to the 
streamlines is defined by 
'lfmax • ( 8 ~ 16) 
By setting 
... 
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.. 
I 
··-. 
w 
4 
(8.10) becomes 
\ 
'2 
( 1Pmax 
C 
c(l 
1/;) 
,,\2) ' 
' 
' 
( 8. 1 7) 
( 8. 18) 
which is the equation -for an ellipse o-f aspect ratio 
( rat i o o-f . s em i - m i no r to s em i - ma j or ax i s ) . Note that 
represe11ts the ti 1 t o-f tl1e e 11 i pse with respect to the 
original coordinates. For this ellipse the area 
A 
2 1rµ 
A • 
At any poi 11t (r, 0) the r11agnitude o-f the speed 
q 
1 
2 ..J2 c r {1 + >.4 - (1 - >.4 ) cos2o} 2 
(8. 19) 
.,. 
(8.20) 
and the circulation on the ellipse de-fined by (8.18) is 
I< 
Hence 
where 
f(..\) 
~1+>.4 -(1->.4 ) cos20 
1+A2 -(1-,,\ 2 ) cos20 
I< - 8 ..J2 c µ 2 f ( ..\ ) 
7r 
2 
~1 (1 ,,\ 4) sin 2 ¢ 
..J2 f -- ,,\ 2) sin 2 ¢ 1 (1 0 
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dB . (8.21) 
, .. 
(8.22) 
.,,. 
• (8.23) 
. 
• ,!I, 
·ll 
This • express 1 on. can 
elliptic integrals 
be 
of 
written • 1n 
the first 
(Abramowitz·& Stegun 1972) to give 
f(A) 
terms 
and 
of complete 
third l<i nd 
• (8.24) 
In practice, however, it is easier to evaluate (8.23) 
·numericall~, and a plot of f(A) is shown in figure 12. 
From (8.1) it now follows that 
Using (8. 17) . gives 
·-:> 1r(l + A..,) 
2 \J2A f(A) 
7r 
1 
w 
,\ = 1 ' 
• 
• 
f = 7r 
r2 
(8.25) 
(8.26) 
and (8.26) . IS Note that for a circle 
consistent with (8.9). Using the numerical data for the 
central eddy with L = 10, and Gr= 21,000 suggests that 
as r --+ 0 
0.63 
for·which 
1.05 
w (8.27) 
yielding only a five percent change from the circle 
value. 
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8.3) Numerical, integration 
An integration of (7 .16), based on the initial 
slope (8. 27) and the evaluation of A and K from the 
numerical data, gives the picture shown in figure 13 
Corn par i son with the raw data for (;("'¢) indicates 
excellent agreement (see Table 2) and provides further 
confirmation that the structure defined by (7. 16) is a 
valid description of cell behavior as Gr oo. Note, 
however, that the present analysis yields no information 
on the local orientation and overall size of the eddies. 
These factors are determined by global properties of the 
flow within the cavity, including the viscous flow, near 
the cavity boundaries. 
;. . . 
65 
.. 
<.. 
• ·to • . - .... 
' 
0 
0 
I 
0 
. 
..... 
a 
• 
0 
I 
N 
>-10 E-ta 
t--i I 
u 
t--t 
~ 
0:::: n 
D~ 
>o 
I 
~ 
a 
I 
D 
I 
Ln 
0 
I 
' 
D PURE DATA 
. 
0 INTEGRATED DATA 
~:J, 0-+----.....-----r----·''·--. .:.....· _...::.,& ____ .._;_ ____________ ~-=--
' .·. "'"·· 
o.a 2.s 5.0 7.5 10.0 12.S 15.0 17.5 20.0 
STREAM FCN 
22.5 25.0 27.5 
~10-t 
.... 
. fLgure 13. Stream functLon vs. vorlLcLl~ 
dLstrLbutLon at L - 10, Gr - 21,000. 
'· 
' 
,e_ 
9). Conclusions 
The -flow in the cavity depends on Gr, L and u. In 
this thesis all -flows considered had u 0 and the 
• 
·cavity aspect ratio > ~. As -found by Drummond and 
Korpela (1985), and indicated by Hart(1983a) and by 
DBS(1987), 
replaced 
the single unicellular -flow at -finite Gr • lS 
by a stationary multicellular -flow -for 
Gr> Grc where -for a= 0 
Grc ~ 8000 , • 
The present calculatio11s, carried out over a much 
broader range o-f L then had previously been considered, 
confirmecl tl1e occur·ence of this tr·ansition (imperfect 
b i -f u r_ cat i o 11 ) . New r·esu 1 ts for the dependence of tl1e 
number of rolls· on the aspect ratio were obtained for 
fully developed flows with Gr j> Grc. 
Analysis of the flow field within individual cells 
confirmed that at Gr >> Grc the basic structure was 
inviscicl. An extension of the Prandtl Batchelor 
theorem was deduced for 
that 
(see equation 7.16), 
d( 
dl/1 
.. - A 
- -I( 
0. This results implies 
< er 
(9.1) 
d( 
unlike the classical theory which predicts that cl¢ 0. 
The numerical cal-culations showed that (9.1) 
pro~ided an excellent description of the cill structure. 
Some approximate analyses based on (9.1) were also 
67 
., 
'· 1 
1 
carried out and they too were in good agreement with the 
numerical data. 
' . 
.. 
() 
\ 
68 
.. 
TABLE 1 
z 1/J(-finite di-f-f.) % Error 
0.00 0.0000000 0.0000000 0.0% 
0.025 0.0000278 0.0000248 11.0% 
0.05 0.0000984 0.0000940 4.5% 
0.075 0.0002046 0.0002005 2.0% 
0. 10 0.0003398 0. 000337,5 0.7% 
0. 125 0.0004976 0. 00()498.5 0.02% 
,, 
0. 15 0.0006722 0.0006773 0.08% 
0. 175 0.0008579 0.0008685 1.3% 
0.20 0.0010497 0.0010667 1.6% 
0.225 0.0012431 0.0012669 1.9% 
0.25 0. 001,:1336 0.0014648 2. 1 % 
0 .,~5 
...... ( 0.0016174 0.0016,563 2. 4 /c, 
0.30 0.0017911 0. 0018:375 2.5% 
0.325 0.0019516 0.0020052 2.6% 
0.35 0. 002()961 0. 0021.57() 2.8% 
0.375 0.0022223 0.0022888 3.0% 
0.40 0.0023282 0.0024000 3.0% 
0.425 0.0024123 0.0024883 3. 1 % 
0.45 0.0024732 0. 002.5523 3. 1 % 
0.475 0.0025101 0.0025912 3. 1 % 
0.50 0. 002,5225 0.0026042 3. 1 % 
(Note: the results are syrnmetric so only half are 
calculated) 
-
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r~ 
TABLE 2 
( - J -fx dz d~J, c Co + I '+1 q ds % Error 
0.000 0. 0975' XXX ·XXX 
0.00014 0.0662 XXX XXX 
0.00045 0.0265 XXX XXX 
0.00084 -.00194 XXX XXX 
0.00105 -.01089 -.0085882 21.2% 
0.00135 -.02112 -.0184432 12.5% 
0.00160 -.02714 - . 02.561.57 5. ,5% 
0.00177 -.03084 -.0301070 2.4% 
0.00190 -.03362 -.0333727 1.0% 
0.00230 -.04252 -.0426327 0.0% 
0.00260377 - . 0491,594 - . 0491.594 0.0% 
-J.. . 
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